Quantum metrology employs quantum effects to attain a measurement precision surpassing the limit achievable in classical physics. However, it was previously found that the precision returns the shot-noise limit (SNL) from the ideal Zeno limit (ZL) due to the photon loss in quantum metrology based on Mech-Zehnder interferometer. Here, we find that not only the SNL can be beaten, but also the ZL can be asymptotically recovered in long-encoding-time condition when the photon dissipation is exactly studied in its inherent non-Markovian manner. Our analysis reveals that it is due to the formation of a bound state of the photonic system and its dissipative noise. Highlighting the microscopic mechanism of the dissipative noise on the quantum optical metrology, our result supplies a guideline to realize the ultrasensitive measurement in practice by forming the bound state in the setting of reservoir engineering.
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Introduction.-Pursuing high-precision measurement to physical quantities, metrology plays a significant role in advancing the innovation of science and technology. Restricted by the unavoidable errors, the metrology precision realized in classical physics is strongly bounded by the shot-noise limit (SNL) N −1/2 with N being the number of resource employed in the measurements. It was found that the SNL can be beaten by taking advantage of the quantum effects such as squeezing [1] [2] [3] and entanglement [4] [5] [6] . This inspires the birth of a newly emerged field, quantum metrology [7] [8] [9] . Many fascinating applications of quantum metrology have been proposed. The quantum effects of light can offer enhanced imaging resolution [10] [11] [12] in biological monitoring [13] [14] [15] and in optical lithography [16] , and improved sensitivity in gravitational wave detection [17] and in radar [18] . The quantum characters of atoms or spins can provide an enhanced precision in sensing weak magnetic field [19] [20] [21] [22] [23] [24] and ultimate accuracy for clocks [25] [26] [27] .
A wide class of quantum metrology using quantized light as probe is generally based on the Mach-Zehnder interferometer (MZI). Caves first pointed out that the precision can beat the SNL and reach the Zeno limit (ZL) scaling as N −3/4 with the mean photon number N by using the squeezed light [1, 28] . Since then, a host of quantum states of light, such as N00N state [16] , twin Fock state [29] , two-mode squeezed state [30] , and entangled coherent state [31, 32] , have been found to perform well in quantum optical metrology. However, the decoherence caused by the unavoidable interactions of the optical probe with its environment degrades the real performance of quantum metrology [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] , which hinders its practical application [43] . It was found that the N00N state losses its metrological advantage when even a single photon is absorbed by the environment [35] . Entangled coherent state can beat the SNL, but only when the photon loss is extremely small [31, 32] . This was proven to be true for the squeezed [33, 37] and definitephoton-number [35, 36] states. In these works, the deco-
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Encoding Detection herence of the optical probe was phenomenologically introduced by a transmissivity, which is equivalent to a continuous photon loss described by a master equation with constant loss rate under Born-Markovian approximation [35, 44, 45] . Given the inherent non-Markovian character of the decoherence dynamics [46] [47] [48] [49] [50] , it is expected that such treatment is insufficient. It was really found in the Ramsey-spectroscopy-based quantum metrology that the non-Markovian effect can transiently make the metrology precision surpass the SNL in dephasing noises [51] [52] [53] , which is in sharp contrast to the Markovian approximate result [54] . However, the precision gets worse and worse in long-encoding-time condition.
In this Letter, we reveal a mechanism to make the ideal precision of the MZI-based quantum metrology recovered when the exact non-Markovian dissipation dy-namics of the optical probe is considered. Focusing on the long-encoding-time condition, which corresponds to the case with full loss of photon and the quantum superiority disappears completely in the previous phenomenological description [35, 44, 45] , we show that the ideal ZL is asymptotically recovered when a coherent state in one input port and squeezed state in the other are employed. Our analysis reveals that such long-time recovery to the ideal precision is intrinsically determined by the formation of a bound state in the energy spectrum of the probe and its environment. On the one hand our result demonstrates that the phenomenological treatment overestimates the detrimental influences of the decoherence on quantum optical metrology, and on the other hand it supplies a guideline to realize the ultrasensitive measurement in practice by forming the bound state in the setting of reservoir engineering.
Ideal quantum metrology.-To estimate an unknown parameter of a system, one generally prepares a probe and couples it to the system to encode the parameter information. Then a series of measurement to certain observable is made to the probe. The value and the uncertainty of the parameter can be deduced from the measurement results [8] . Consider explicitly the estimation of a frequency parameter γ of a system. We choose two modes of quantized optical fields with frequency ω 0 as the probe. The encoding of γ can be realized by the time evolutionÛ 0 (γ, t) = exp(−iĤ 0 t/ ) of the probe witĥ
where the first term is the free Hamiltonian of the fields and the second one is the linear interaction of the second field with the system [31, 55, 56] . The evolution governed byÛ 0 (γ, t) accumulates a phase difference γt between the two fields, which can be measured by the MZI. The MZI has two beam splitters BS i (i = 1, 2) separated by the phase shifterÛ 0 (γ, t) and two detectors D i [see Fig. 1 (a)] [57] . Its input-output relation reads
Note although the measurement toM does not saturate the Cramér-Rao bound [58] , it is sufficient to analyze the decoherence mechanism to such explicit protocol.
We consider the input state as |Ψ in =Dâ 1Ŝâ2 |0, 0 , whereDâ = exp(αâ
with ξ = re iφ , and |0, 0 is the twomode vacuum state. Its total photon number is N = |α| 2 + sinh 2 r, which contains the ratio β ≡ sinh 2 r/N from the squeezed mode and can be regarded as the quantum resource of the scheme. We can calculate from Eq. 
when φ = 2ϕ and γt = (2m + 1)π/2 for m ∈ Z. If the squeezing is absent, then min δγ| β=0 = (tN
with N 0 = |α| 2 , which is just the SNL. For β = 0, using e −2r 1/(4 sinh 2 r) for N 1 to Eq. (4) and optimizing β, we obtain min δγ| β=(2
which is called the ZL. It beats the SNL and manifests the significance of the squeezing character of light in the metrology scheme [1, 57] . Benefited from this squeezingenhanced sensitivity, the squeezed state has been used in gravitational-wave observatory [17] .
Effects of dissipative noises.-In reality, the decoherence caused by the unavoidable interaction of the probe with the environment would deteriorate the performance of the quantum metrology. Conventionally, the decoherence of the optical probe is analyzed in phenomenological manner by introducing a transmissivity [33] [34] [35] [36] [37] [38] [39] [40] [41] . This is equivalent to a continuous photon loss described by a master equation with constant loss rate under BornMarkovian approximation [35, 44, 45] . In recent years, people found that the interplay between the system and its environment caused by its inherent non-Markovian nature would induce diverse characters which cannot be captured by the Born-Markovian approximate treatment [46] [47] [48] [49] [50] . To uncover the constructive role play by the non-Markovian effect on quantum optical metrology, we here investigate the exact decoherence dynamics of the optical probe and evaluate its metrology scale, especially in the long-encoding-time condition.
Taking the dissipative noise into account, the Hamiltonian governing the parameter encoding readŝ
whereb k is the annihilation operators of the kth environmental mode with frequency ω k and g k is its coupling strength to the probe. The coupling is characterized by the spectral density J(ω) = k g 2 k δ(ω − ω k ). In the continuum limit, it reads J(ω) = ηω(
, where η is a coupling constant, ω c is a cutoff frequency, and the exponent s classifies the noise into sub-Ohmic for 0 < s < 1, Ohmic for s = 1, and super-Ohmic for s > 1 [59] .
In the Heisenberg picture with•(t) =Û † (γ, t)•Û (γ, t) andÛ (γ, t) = exp(−iĤt/ ), the equations of motion of the optical fields readȧ 1 (t) + iω 0â1 (t) = 0 anḋ
where
is the noise correlation function. The linearity of Eq. (7) implies thatâ 2 (t) can be expanded asâ 2 
. We obtain from Eq. (7) that c(t) obeyṡ
under the initial conditions c(0) = 1. Containing all the backaction effect between the probe and the noise, the convolution in Eqs. (8) renders the dynamics nonMarkovian. Assuming that the noise is initially in vacuum state |Ψ E (0) = |{0 k } and repeating the same procedure as the ideal case, we can calculatē
which give the distribution of the measurement results toM in the noisy situation. The precision δγ can be evaluated from Eqs. (9) and (10). It is analytically complicated. However, via analyzing the asymptotic behavior of Eq. (8), we can obtain its analytical form in the long-encoding-time limit. When the coupling between the probe and the environment is weak and the typical time scale of f (t − τ ) is much smaller than the one of the field, we can apply the Markovian approximation to Eq. (8) and obtain c(t) = e −i[κ+(ω0+γ+∆)t] with κ = 2πJ(ω 0 + γ)
. We can calculate from Eqs. (9) and (10) that min δγ (
and ϕ = 2φ. Getting divergent with time, its minimum at t = κ −1 returns the SNL eκ(2N ) −1/2 . It shows that the quantum superiority of the scheme in the Markovian noise disappears completely. This is consistent to the noisy metrology result based on the Ramsey spectroscopy [54] .
In the non-Markovian dynamics, Eq. (8) 
It is interesting to note that the roots multiplied by is just the eigenenergy of the local system consisting of the probe and its environment in single-excitation subspace. To see this, we expand the eigenstate as
From the stationary Schrödinger equation of the local system, we have [E − (ω 0 + γ)]x = k g k y k and y k = g k x/(E − ω k ) with E being its eigenenergy, which readily lead to Eq. (11) with the replacement of by E/ . It implies that, although the subspaces with more excitation number might be involved in the time evolution, the dissipative dynamics of the probe is essentially determined by the energy-spectrum character in the single-excitation subspace. Because y( ) is a monotonically decreasing function with increasing in the regime < 0, Eq. (11) has one isolated root b in the regime < 0 provided y(0) < 0. It has infinite roots in the regime > 0, which form a continuous energy band. We call the discrete eigenstate with the eigenenergy b falling out of the energy band bound state [47] . Its formation has profound influences on the dissipation dynamics of the probe. This can be seen by making the inverse Laplace transform
and the second term is contributed from the energy band. Oscillating with time in continuously changing frequencies, the second term behaves as a decay and tends to zero in the long-time condition due to out-of-phase interference. Therefore, if the bound state is absent, then lim t→∞ c(t) = 0 characterizes a complete decoherence, while if the bound state is formed, then lim t→∞ c(t) = Ze −i b t implies a dissipation suppression. For the Ohmic-type spectral density, it can be evaluated that the bound state is formed if ω 0 + γ − ηω c Γ(s) ≤ 0. Here Γ(s) the Euler's Γ function. The dominate role of the bound state played in noncanonical thermalization [61] and quantum-correlation preservation [62] has been revealed.
We focus on the case in the presence of the bound state. Substituting the asymptotic solution Ze −i b t into δγ and using Eqs. (9) and (10), we obtain min δγ| β=(2
when t = (2m+1)π 2|ω0− b | and ϕ = 2φ. It reduces to the ZL (5) in the ideal case, where Z = 1 and b = ω 0 + γ. It is remarkable to see from Eq. (13) that, even in the longencoding-time condition, δγ can still asymptotically tend to the ideal ZL with Z approaching 1, which can be controlled by manipulating the spectral density J(ω). It is dramatically different from the phenomenological [33] [34] [35] [36] [37] [38] [39] [40] [41] and the Markovian approximate one [35, 44, 45] , where δγ gets worse and worse in the long-encoding-time limit. Indicating the significant role of the non-Markovian effect and the energy-spectrum character of the local system in the noise mechanism of quantum metrology, our result supplies a guideline to retrieve the ideal precision in the noise case by engineering the formation of the bound state.
Numerical results.-To verify the distinguished role played by the formed bound state in the dissipation dynamics of the probe, we plot in Fig. 1(b) the long-time behavior of the |c(t)| by numerically solving Eq. (8) for the Ohmic spectral density. We can obtain from our analysis that the bound state is formed when ω 0 +γ −ηω c ≤ 0 for s = 1. We really observe in Fig. 1(b) an abrupt change of |c(∞)| from zero to finite values exactly coinciding with Z in Eq. (12) with increasing ω c . Figure  1 (c) reveals that the regime where |c(∞)| takes finite values well matches with the one where a bound state is formed in the energy spectrum of the local system. It is physically understandable from the fact that the bound state, as a stationary state of the local system, would preserve the quantum coherence in its superposed components during time evolution. It is also interesting to see that quite a large value of |c(∞)| = Z approaching unity can be achieved with increasing ω c . It readily implies from Eq. (13) that the ZL is asymptotically retrievable.
With the numerical result of Eq. (8) at hands, we can calculate the exact precision δγ(t) from Eqs. (9) and (10) . Figure 2(a) shows the evolution of δγ(t) in different ω c . Oscillating with time, δγ(t) takes its best values at the local minima marked by the blue blocks. It can be seen that the local minima become larger and larger with time when the bound state is absent, which is consistent with the Markovian result. It means that the noisy metrology scheme performs worse and worse with increasing the encoding time in this situation. However, as long as the bound state is formed, the profile of the local minima gets to be a decreasing function with time. Thus, the bound state makes the superiority of the encoding time as a resource in the ideal metrology case recovered. The red dashed line in Fig. 2(a) gives min(δγ) evaluated from Eq. (13), which matches well the local minima of δγ(t) in the long-time condition. This verifies the validity of our result (13) . Focusing on the case in the presence of the bound state, we plot in Fig. 2 (b) min(δγ) in different ω c . It reveals that, with the formation of the bound state, not only the SNL can be surpassed, but also the ideal ZL can even be asymptotically retrieved. This can be further verified by min(δγ) as function of total photon number [see Fig. 2(c) ]. Once again, it verifies the validity of the scaling (13) . Furthermore, with the increasing of Z accompanying the increasing of ω c , the precision gets nearer and nearer the ZL. All the results confirm our expectation that the precision asymptotically matching the analytical scaling (13) approaches the ZL with the formation of the bound state. Besides tuning ω c , the bound-state-favored retrieving of the ZL can also be obtained by tuning η. Figure 3 gives the evolution and scaling on N of min δγ in different η. It confirms again our conclusion that the ZL is asymptotically recoverable when the bound state is formed.
Note that our finding on the bound-state-favored retrieving of the ideal precision in noisy situation is readily applicable to the optimal measurement protocol [58] , where the Heisenberg-limit recovery is expected. Further, although only the Ohmic spectral density is considered, our result can be generalized to other spectral densities. With the rapid development of reservoir engineering tech-nique, many structured environments with controllable spectral densities have been realized [63, 64] . The bound state has been observed in photonic band-gapped environment in circuit QED system [65] . The Ohmic spectral density is possible to be controlled in trapped ion system [66] . All these systems supply ideal experimental platform to verify the mechanism revealed in our work.
Conclusions.-In summary, we have microscopically studied the non-Markovian noise effect on the MZI-based quantum metrology scheme. An exact scaling relation of the precision to the photon number is derived in the longencoding-time condition. It is remarkable to find that the ideal ZL is asymptotically recoverable. We find that the non-Markovian effect and the formation of a bound state between the quantum probe and its environment are two essential reasons for retrieving the ZL: The bound state supplies the intrinsic ability and the non-Markovian effect supplies the dynamical way. Our result suggests a guideline to experimentation to implement the ultrasensitive measurement in the practical noise situation by engineering the formation of the bound state.
